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Underfitting vs. 
Overfitting

The Art of Balancing
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Underfitting vs. Overfitting
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Straight Line Quadratic Line 5th -order Line

Which line describes existing data the best?
Which line will describe future data the best?

Not describing the data Describing the data well Taking the data too literally
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Optimization vs. Regularization

ÅOptimization: fitting the data
ÅMinimize the empirical loss on the training set

ÅMaximize performance on the training set

ÅRegularization: avoid overfitting the data
ÅImprove performance on future data (test set), often at the cost of training 

loss.

ÅTraditionally, these two are considered to be opposite to each other. 

ÅIn deep learning, not always. 
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Conventional Intuition

ÅUnderfitting: The model is too limited and cannot represent the 
function that generates the data.

ÅOverfitting: The model is too expressive. It can represent the data-
generating function as well as the noise in the data.
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Deep Learning Intuition

ÅUnderfitting: Not learning enough from the observed data. 

ÅEven if the model is large, the optimization could be poor. 

ÅOverfitting: The observed data contain some random errors, some 

idiosyncrasies that do not apply to the general population. Overfitting 

is to learn from such noise.

ÅExample: Learning from outlier images and thinking that they are 

representative of many real-world images. 
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Bird or Kiwi Fruit?

Fish or 
Cucumber?

Representative Images?

Images created by Sarah DeRemer.
Reproduced with permission. 

https://www.sarahderemer.com/


Deep Learning Intuition

ÅUnderfitting: Not learning enough from the observed data. 
ÅEven if the model is large, the optimization could be poor. 

ÅOverfitting: The observed data contain some random errors, some 
idiosyncrasies that do not apply to the general population. Overfitting is to 
learn from such noise.
ÅExample: Learning from some outlier images. 

ÅDL deals with more complex semantics than traditional ML. 
ÅWhat is noise using one set of features is signal under another set of features. 

ÅQuality of feature representation matters a lot.

ÅSometimes increasing capacity could reduce generalization error!
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Deep Learning is Representation Learning

ÅShallow models work with existing features

ÅE.g., logistic regression: ώ „♫●

ÅDeep models can be seen as learning features

ÅMLP: ώ „ύ Ễ„ὡ„ὡ●

ÅLet ◑ „ὡ Ễ„ὡ„ὡ● , we have ώ „◌ ◑

ÅLearning the right features is critical
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Bad Feature (correlation 99.79%)
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Guaranteed: low training error, high test error on future data

Image created by Tyler Vigen
Reproduced under CC BY 4.0

https://www.tylervigen.com/spurious-correlations
https://creativecommons.org/licenses/by/4.0/


Bad Feature (correlation 98.51%)
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Guaranteed: low training error, high test error on future data

Image created by Tyler Vigen
Reproduced under CC BY 4.0

https://www.tylervigen.com/spurious-correlations
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Feature Extraction: Which is more robust?

ÅWhat is the make of the car?
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Overfitting: For cars in a single year, these 
features (wheels, fog lights, grill) can be very 
effective, but they will not work if Toyota makes 
a design change.

The logo is unlikely to change and should 
generalize well. 

Original Image by TuRbO_J
Modified under CC BY 2.0

https://www.flickr.com/photos/30474136@N07/11902100224
https://creativecommons.org/licenses/by/2.0/


Deep Learning is Representation Learning

ÅMany regularization techniques in DL aim to improve the quality of 
features extracted by the deep network.
ÅMixUp

ÅData Augmentation

ÅPretraining is effective against overfitting

ÅCovered in the next lecture
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Optimization vs. Regularization in DL

ÅThe most important issue in deep learning.

ÅOptimization is hard in DL
ÅFirst-order optimization is hard. 

ÅSecond-ƻǊŘŜǊ ƳŜǘƘƻŘǎ ŀǊŜ ƎǊŜŀǘ ōǳǘ ǿŜ ŎŀƴΩǘ ǳǎŜ ǘƘŜƳΦ

ÅRegularization is hard in DL
ÅOverparameterized deep nets are capable of memorizing every training 

instance (Zhang et al. 2017). 
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ChiyuanZhang, SamyBengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. Understanding deep learning requires rethinking generalization. ICLR 2017



Symptoms and Diagnosis

ÅEffective trial-and-error requires understanding accurate diagnosis and the correct 
remedy

ÅUnderfitting 

ÅLarge training loss, large validation / test loss

ÅThe loss stagnates early in training

ÅSolution: Improve optimization; increase model capacity

ÅOverfitting 

ÅLarge gap between training set performance and val/test performance

ÅUsually gap in loss values too

ÅSolution: Apply stronger regularization (first priority); decrease model capacity; 

ÅIn deep learning, zero overfitting does not always give best performance. 
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Bias-variance Tradeoff

ÅWe want to estimate random variables (e.g, neural network weights) 
from data
ÅLow bias = the estimate fits data well but may overfit

ÅLow variance = the estimate is not overly influenced by noise in data, but may 
underfit

ÅAdding L2 regularization to linear regression lowers the variance in 
the estimate of model parameter ♫
Åhttp://cs229.stanford.edu/summer2019/BiasVarianceAnalysis.pdf
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Bias-variance Tradeoff
ÅDataset Ὀ ● ȟώ ȟȣȟ● ȟώ drawn i.i.d from a distribution ὖὢȟὣ

Åi.i.d = independently and identically distributed

ÅExpected label

ÅThe label ώdepends on x but the relationship is not 100% deterministic. So we 
compute its expectation from distribution 0Òώȿ●

ÅThis noise in ώcouldreflect annotation error, or simply the semantics in ●that 
the model cannot understand. Recall: coin toss is deterministic. 
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Content credit: Kilian Weinberger (https://www.cs.cornell.edu/courses/cs4780/2018fa/lectures/lecturenote12.html)



Bias-variance Tradeoff
ÅThe machine learning algorithm ὃlearns a model (or hypothesis) Ὤ from the 

dataset Ὀ. Ὤ ὃὈ .

ÅExpected model

ÅExpected test error
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Content credit: Kilian Weinberger (https://www.cs.cornell.edu/courses/cs4780/2018fa/lectures/lecturenote12.html)



Bias-variance Tradeoff
ÅCombining everything we have

ÅThat is, the expectation is over the observed dataset Ὀand all possible data 
●ȟώ
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Content credit: Kilian Weinberger (https://www.cs.cornell.edu/courses/cs4780/2018fa/lectures/lecturenote12.html)



Bias-variance Tradeoff

Li Boyang, Albert

=0
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Content credit: Kilian Weinberger (https://www.cs.cornell.edu/courses/cs4780/2018fa/lectures/lecturenote12.html)



Bias-variance Tradeoff
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Recall: The expectation operation is linear

Ὁ Ὢὥὦ ὪὥὦὖὥὨὥ ὦ ὪὥὖὥὨὥ ὦὉ Ὢὥ

Ὁ Ὢὥ Ὣὥ Ὢὥ Ὣὥ ὖὥὨὥ ὪὥὖὥὨὥ ὫὥὖὥὨὥ
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Ὁ Ὢὥ Ὁ Ὣὥ
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Content credit: Kilian Weinberger (https://www.cs.cornell.edu/courses/cs4780/2018fa/lectures/lecturenote12.html)



Bias-variance Tradeoff

Li Boyang, Albert

ÅVariance of Ὤ ● shows how much Ὤ changes when the observed dataset Ὀ
changes. 

Å If we happen to observe a few outliers in the data, is the learned function 
heavily affected by them?
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Content credit: Kilian Weinberger (https://www.cs.cornell.edu/courses/cs4780/2018fa/lectures/lecturenote12.html)



Bias-variance Tradeoff

Li Boyang, Albert

=0

Bias measures how much Ὤ● deviate from the expected label ώ
Note that Ὤis the average over all possible dataset Ὀ, so Ὀhas no 
influence here.

is the variance in ώ
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Content credit: Kilian Weinberger (https://www.cs.cornell.edu/courses/cs4780/2018fa/lectures/lecturenote12.html)



Bias-variance Tradeoff

Li Boyang, Albert

Content credit: Kilian Weinberger (https://www.cs.cornell.edu/courses/cs4780/2018fa/lectures/lecturenote12.html)

=0
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Bias-variance Tradeoff
ÅCombining everything, 

Li Boyang, Albert

Variance: Captures how much your classifier changes if you train on a different training set. How "over-
specialized" is your classifier to a particular training set (overfitting)? If we have the best possible model for our 
training data, how far off are we from the average classifier? 

Bias: What is the inherent error that you obtain from your classifier even with infinite training data? This is due 
to your classifier being "biased" to a particular kind of solution (e.g. linear classifier). In other words, bias is 
inherent to your model. 

Noise: How big is the data-intrinsic noise? This error measures ambiguity due to your data distribution and 
feature representation. You can never beat this, it is an aspect of the data.

32CE/CZ 7454, 2021



Bias-variance Tradeoff

Li Boyang, Albert

As model complexity increases, overfitting 
increases.

Conventional ML wisdom says that you need to 
have fewer parameters than training data points.

In deep learning, models are heavily 
overparameterized and achieve zero training loss, 
but still generalize well. 

Still, you can have too many parameters even in 
deep learning. Overfitting is a severe problem and 
researchers developed many techniques to 
mitigate it .
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Optimization: 
Gradient 
Descent
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Image use allowed under 
Simplified Pixabaylicense

https://pixabay.com/photos/jumping-off-diving-fly-high-1966997/


Gradient Descent

ÅWe seek ◌that minimizes a differentiable function ὒὼȟ◌

ÅInput: loss function ὒ◌ , initial position ◌ , learning rates –

ÅAlgorithm: Repeat until termination criterion

ÅMove in the direction of negative gradient

Å◌ ◌ –
◌

◌ ◌
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Taylor Series for Function Approximation

ÅWe can approximate an infinitely differentiablefunction Ὢὼȡᴙᴼ ᴙ
with the following sum

Ὢὼ Ὢὼ Ὢ ὼ ὼ ὼ
ρ

ς
Ὢ ὼ ὼ ὼ

ρ

σȦ
Ὢ ὼ ὼ ὼ Ễ

ÅAlternatively

Ὢὼ ὥ ὼ ὼ ȟὥ
Ὢ ὼ

ὲȦ

Li Boyang, Albert

nth derivative
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Taylor Series for Function Approximation

ÅWe can approximate an infinitely differentiablefunction Ὢὼȡᴙᴼ ᴙwith the following sum

Ὢὼ Ὢὼ Ὢ ὼ ὼ ὼ
ρ

ς
Ὢ ὼ ὼ ὼ

ρ

σȦ
Ὢ ὼ ὼ ὼ Ễ

ÅWhen ὼ ὼ ‭is small (‭Ḻρ), ὼ ὼ is ‭Ḻ‭

ÅEvery term after that is even smaller. 

ÅThus, for approximation around ὼ, we may take only the first two terms.

Ὢὼ Ὢὼ Ὢ ὼ ὼ ὼ ὕ‭

ÅFor slightly larger ‭, three terms allow us to be more precise

Ὢὼ Ὢὼ Ὢ ὼ ὼ ὼ
ρ

ς
Ὢ ὼ ὼ ὼ ὕ‭
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Taylor Series for Function Approximation
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Multivariate Taylor Polynomial

ÅFor small ɝ

Ὢ● ɝ Ὢ●
ὨὪ

Ὠ●
ɝ
ρ

ς
ɝ
ὨὪ

Ὠ●
ɝ Ễ

Li Boyang, Albert

Additional terms are 
increasingly less 

important. 
Quadratic term 
with Hessian. 

Linear
Term
(in ɲ)

Constant 
term 
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Gradient Descent is Steepest Descent

ÅWe want to find a direction ○ᶰᴙ that leads 

to the fastest decrease in Ὢ●.

ÅIf we can find ○, we will move a little bit in 

that direction.

● ● –○

ÅWe look for ὺ ÁÒÇÍÉÎ
○

● ○

○

ÅAs we plan to take a small step, we can use a 

first-order approximation. 

Ὢ● ○ Ὢ●
ὨὪ

Ὠ●
○

Li Boyang, Albert

Which way?

41CE/CZ 7454, 2021



Steepest Descent under Euclidean Norm

ÅWe want to find a direction ○ᶰᴙ that leads 

to the fastest decrease in Ὢ●.

ÅIf we can find ○, we will move a little bit in 

that direction.

● ● –○

ÅWe look for ὺ ÁÒÇÍÉÎ
○

● ○

○

ÅAs we plan to take a small step, we can use a 

first-order approximation. 

Ὢ● ○ Ὢ●
ὨὪ

Ὠ●
○

ÅFact: 
○▌

○
▌ÃÏÓ—

ÅAll it matters is ÃÏÓ—

ÅTo minimize 
○▌

○
, we can choose ○ ▌

ÅThat is, 
●

is the direction for steepest 

descent.

ÅNote: we may choose a different norm and 

get different results. 
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Further Analysis

ÅFor the analysis of multiple GD iterations, we use a second-order 
approximation

Ὢ● ɝ Ὢ●
ὨὪ

Ὠ●
ɝ
ρ

ς
ɝ
ὨὪ

Ὠ●
ɝ

Li Boyang, Albert

Quadratic term 
with Hessian. 

Linear
Term
(in ɲ)

Constant 
term 
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Hessian = Diagonal

Ὢ● ὼȟὼ
τ π
π ρ

ὼ
ὼ

τὼ ὼ

Li Boyang, Albert

ὼ

ὼ

Which contour diagram correctly depicts this function?

(A) (B)

ὼ

ὼ

ὼ

ὼ

(C)
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Hessian = Diagonal

Ὢ● ὼȟὼ
τ π
π ρ

ὼ
ὼ

τὼ ὼ

Li Boyang, Albert

ὼ

ὼ

Which contour diagram correctly depicts this function?

(A) (B)

ὼ

ὼ

ὼ

ὼ

(C)

Moving by unit length in 
this direction increases 
the function value the 
most.

Plug in ● Ὡ
ρ
π

, Ὡ
π
ρ

, 

or 
ÃÏÓ—
ÓÉÎ—

, which one has higher 

function value?
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Diagonal Hessian 

Ὢ● ὼȟὼ
τ π
π ρ

ὼ
ὼ

τὼ ὼ

All scaling happens along the coordinate axes. 

Li Boyang, Albert

ὼ

ὼ

Easy to optimize. First find the best ὼ on 

any ὼ, and find the best ὼ (coordinate 

descent).
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Hessian = Diagonal Rotation

Ὢ● ὼȟὼ

ς

ς

ς

ς

ς

ς

ς

ς

τ π
π ρ

ς

ς

ς

ς

ς

ς

ς

ς

ὼ
ὼ

Li Boyang, Albert

ὼ

ὼ

Counter-
clockwise 45֙Clockwise 45֙

Ὢ● ●ὗɤὗ●

The eigenvalues of Hessian determine the ratio of 
the two axes of the ellipse.
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Hessian = Diagonal Rotation

Ὢ● ὼȟὼ

ς

ς

ς

ς

ς

ς

ς

ς

τ π
π ρ

ς

ς

ς

ς

ς

ς

ς

ς

ὼ
ὼ

Li Boyang, Albert

ὼ

ὼ

Counter-
clockwise 45֙Clockwise 45֙

Å Coordinate descent converges slowly in this 
scenario.
Å Not rotational invariant.

Å Gradient descent is rotational invariant. 

minimum
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Hessian = Diagonal Rotation

Ὢ● ὼȟὼ

ς

ς

ς

ς

ς

ς

ς

ς

ρςπ
π ρ

ς

ς

ς

ς

ς

ς

ς

ς

ὼ
ὼ

Li Boyang, Albert

ὼ

ὼ

Counter-
clockwise 45֙Clockwise 45֙

Ὢ● ●ὗɤὗ●

The eigenvalues of Hessian determine the ratio of 
the two axes of the ellipse.
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Hessian = Poorly Conditioned

Å²ƘŜƴ ǘƘŜ ŜƭƭƛǇǎŜ ƛǎ ǊŜŀƭƭȅ άǎǉǳŀǎƘŜŘέΣ 

the gradient on one direction is much 

greater than the other dimension.

ÅWe need to set a learning rate ‗such 

ǘƘŀǘ ǿŜ ŘƻƴΩǘ ƻǾŜǊǎƘƻƻǘ ƛƴ ƻƴŜ 

dimension. 

ÅBut it would be too small for fast 

convergence on the other dimension.

ÅA large condition number leads to slow 

convergence for GD. 

Li Boyang, Albert

ὼ

ὼ minimum
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Hessian = Poorly Conditioned

Å²ƘŜƴ ǘƘŜ ŜƭƭƛǇǎŜ ƛǎ ǊŜŀƭƭȅ άǎǉǳŀǎƘŜŘέΣ 

the gradient on one direction is much 

greater than the other dimension.

ÅWe need to set a learning rate ‗such 

ǘƘŀǘ ǿŜ ŘƻƴΩǘ ƻǾŜǊǎƘƻƻǘ ƛƴ ƻƴŜ 

dimension. 

ÅBut it would be too small for fast 

convergence on the other dimension.

ÅA large condition number leads to slow 

convergence for GD. 

Li Boyang, Albert

ὼ

ὼ

Overshoots!

minimum
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Hessian = Poorly Conditioned

Å²ƘŜƴ ǘƘŜ ŜƭƭƛǇǎŜ ƛǎ ǊŜŀƭƭȅ άǎǉǳŀǎƘŜŘέΣ 

the gradient on one direction is much 

greater than the other dimension.

ÅWe need to set a learning rate ‗such 

ǘƘŀǘ ǿŜ ŘƻƴΩǘ ƻǾŜǊǎƘƻƻǘ ƛƴ ƻƴŜ 

dimension. 

ÅBut it would be too small for fast 

convergence on the other dimension.

ÅA large condition number leads to slow 

convergence for GD. 

Li Boyang, Albert

ὼ

ὼ

Zigzag 
behavior
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Hessian = Poorly Conditioned

ÅThis phenomenon is 

characterized by the ratio of 

the Hessian matrix, known as the 

condition number.

ÅA large condition number leads to 

slow convergence for GD. 

Li Boyang, Albert

ὼ

ὼ

Zigzag 
behavior

53CE/CZ 7454, 2021



Momentum

Initial condition:

○

Velocity update:

○ ‌○ –
Ὠὒ◌

Ὠ◌
ȟπ ‌ ρ

Parameter update:

◌ ◌ ○

ÅLet ▌
◌

◌

Å○

Å○ –▌

Å○ –‌▌ ▌

Å○ –В ‌ ▌ ▌

ÅThe contribution of ▌ decreases 

exponentially as ὸincreases. 

ÅThis is known as exponential moving average 

(EMA). 
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Momentum

Li Boyang, Albert

‌ πȢσ

‌ π
(No momentum)

Gradient along this 
direction cancels off

Initial condition:

○

Velocity update:

○ ‌○ –
Ὠὒ◌

Ὠ◌
ȟπ ‌ ρ

Parameter update:

◌ ◌ ○
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Momentum

Initial condition:
○

Velocity update:

○ ‌○ –
Ὠὒ◌

Ὠ◌
ȟπ ‌ ρ

Parameter update:

◌ ◌ ○

Li Boyang, Albert

‌ πȢσ

‌ π
(No momentum)

Gradient along this 
direction accumulates

56CE/CZ 7454, 2021



Momentum

Li Boyang, Albert

‌ πȢυ

‌ πȢτ

‌ πȢσ

Gradient along 
this direction 
accumulates

Initial condition:

○

Velocity update:

○ ‌○ –
Ὠὒ◌

Ὠ◌
ȟπ ‌ ρ

Parameter update:

◌ ◌ ○
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Effects of Data Whitening

ÅWhitening data = setting per-feature mean to 0 and variance to 1

ÅFor each feature, we subtract its mean and divide by its standard 
deviation. These two values are computed from the entire training 
set. 

ÅIt is very commonly used in machine learning and has modern 
variants in deep learning.

ÅWhy does it work?
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Effects of Data Whitening

ÅConsider the loss function of linear regression with data matrix ὢᶰᴙ , label 
vector ◐ɴ ᴙ , and model parameter♫

, ὢ‍ ώ ὢ‍ ώ

,
ρ

ὲ
‍ὢὢ‍ ςώὢ‍ ◐◐

ὢὢᶰᴙ

ÅThe condition number of the feature covariance matrix affects the speed of convergence. 

Li Boyang, Albert

The (uncentered) feature 
covariance matrix
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Effects of Data Whitening

ÅWhitening data has the effect of lowering the condition number and 
improving optimization. 

ÅModern deep neural networks utilize a variety of normalization 
operations (e.g., BatchNorm, LayerNorm, GroupNorm, etc)
ÅWe will see them later on. 

Å[Optional] See detailed discussion at 
https://www.cs.toronto.edu/~rgrosse/courses/csc2541_2021/reading
s/L01_intro.pdf

Li Boyang, Albert 60CE/CZ 7454, 2021
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Adam

ÅSometimes the gradient is too large 

and overshoots.

ÅSometimes the gradient is too small, 

and optimization stagnates. 

Å²Ƙŀǘ ƛŦ ǿŜ ŀŘƧǳǎǘ ǘƘŜ ƎǊŀŘƛŜƴǘ ǎƻ ƛǘΩǎ 

neither too large nor too small?

ÅAdam often works well for recurrent 

networks (introduced later). 

ÅInput: loss function ὒ◌ and initial position ◌

ÅInitialize: ▼ ȟ► ȟὸ π

ÅHyperparameters: ‍ πȢωȟ‍ πȢωωωȟ‭ ρπ

ÅRepeat until termination condition

Åὸ ὸ ρ

Å▌
◌

◌ ◌

Å▼ ‍▼ ρ ‍ ▌ // EMA for ▌

Å► ‍► ρ ‍ ▌ // EMA for ▌

Å▼ ▼Ⱦρ ‍ // bias correction for ▼

Å► ►Ⱦρ ‍ // bias correction for ►

Åɝ◌
▼

►
// component-wise division

Å◌ ◌ ɝ◌
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Adam: Bias Correction

ÅLet ▌
◌

◌

Å▼

Å▼ ρ ‍ ▌

Å▼ ρ ‍ ‍▌ ▌

Å▼ ρ ‍ В ‍ ▌ ▌

ÅThus, we introduce bias correction.

Å▼ ▼Ⱦρ ‍

ÅSince π ρ ‍ ρ, ▼ ▼

ÅWhen ὸ Њ, ▼ ▼

Li Boyang, Albert

The first few ▼
are too small
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Adam

ÅAdam may not converge well near the 

minimum.

ÅNear the minimum, the gradients 

have small magnitudes. So Adam 

scales the gradients up, which may 

lead to overshooting.

ÅCan be handled by 

Ådecaying the learning rate 

Åor switching to SGD with momentum 

near the end. 

ÅInput: loss function ὒ◌ and initial position ◌

ÅInitialize: ▼ ȟ► ȟὸ π

ÅHyperparameters: ‍ πȢωȟ‍ πȢωωωȟ‭ ρπ

ÅRepeat until termination condition is met

Åὸ ὸ ρ

Å▌
◌

◌ ◌

Å▼ ‍▼ ρ ‍ ▌ // EMA for ▌

Å► ‍► ρ ‍ ▌ // EMA for 

▌

Å▼ ▼Ⱦρ ‍ // bias correction for ▼

Å► ►Ⱦρ ‍ // bias correction for ►

Åɝ◌ –
▼

►
// component-wise division

Å◌ ◌ ɝ◌
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Newtonõs Method

ÅNewtonΩǎ ƳŜǘƘƻŘ ƛǎ ŀ ǎŜŎƻƴŘ-order optimization technique that 
models the objective function as quadratic. 

ÅStarting from ◌ , we seek ɝthat minimizes 

Ὢ◌ ɝ Ὢ◌
ὨὪ

Ὠ◌
ɝ
ρ

ς
ɝ
ὨὪ

Ὠ◌
ɝ

ÅSetting the derivative to zero, we get
ÄὪ◌ ɝ

Ὠɝ

ὨὪ

Ὠ◌

ὨὪ

Ὠ◌
ɝ πᵼ ɝ

ὨὪ

Ὠ◌

ὨὪ

Ὠ◌
Ὄ Ὣ
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Newtonõs Method

ÅbŜǿǘƻƴΩǎ ǎǘŜǇ

ɝ
ὨὪ

Ὠ◌

ὨὪ

Ὠ◌
Ὄ Ὣ

ÅLŦ ǘƘŜ ŦǳƴŎǘƛƻƴ ƛǎ ƛƴŘŜŜŘ ǉǳŀŘǊŀǘƛŎΣ bŜǿǘƻƴΩǎ ƳŜǘƘƻŘ ŎƻƴǾŜǊƎŜǎ ƛƴ ŀ 
single step.

ÅSuperior convergence speed compared to first-order gradient 
descent.
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Newtonõs Method

ÅTƘŜ bŜǿǘƻƴΩǎ ƳŜǘƘƻŘ Ƙŀǎ Ƴŀƴȅ ŀŘǾŀƴǘŀƎŜǎΣ ōǳǘ ƛǘ ŘƻŜǎ ƴƻǘ ǿƻǊƪ 
well for deep neural networks

ÅὌis ὲ ὲȢStorage is hard for large ὲ. For a network with 1M parameters, Ὄ
takes a few TB to store

ÅFinding Ὄ naively take ὕὲ operations, which very expensive for large ὲ. 
(though can be simplified).

ÅEstimating Ὄ Ὣwith sufficient accuracy requires a lot of data. 
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Learning Rate 
Schedule

67CE/CZ 7454, 2021

Royalty-free image

https://www.pxfuel.com/en/free-photo-qxsse


Learning Rate Schedule

ÅFirst-order methods critically relies on the learning rate –. 

ÅTypically, we gradually decrease –during the optimization. 

ÅCommonly used learning rate schedules
ÅExponential

ÅStep

ÅCosine

ÅPlateau (dynamic schedule)

Åaŀƴȅ ƳƻǊŜΧ
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Learning Rate Schedule

ÅExponential

Å– ‌–ȟπ ‌ ρ

ÅStep

ÅDecrease by the factor ‌at 

predefined iteration / epoch

ÅThis step function is popular in 

the training of convolutional 

networks for image recognition. 

ÅTotal number of epochs = Ὕ

ÅMultiply–by 1/10 at , and 

another 1/10 at 
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Learning Rate Schedule

ÅCosine

Å– – – – ρ ÃÏÓ“

ÅA half cycle of the cosine function

ÅSlow decrease at the beginning 

and at the end, but fast drop in 

the middle. 

ÅPlateau

ÅDecrease the learning rate by ‌

when the training loss does not 

decrease by at least ‍in Ὓepochs. 

ÅUseful as an exploration strategy 

when no prior knowledge is 

available. 

ÅMay create difficulties for 

reproduction.

Li Boyang, Albert 70CE/CZ 7454, 2021



Adding 
Stochasticity é
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Original Image by Justin Mathews
Modified under CC BY 3.0

https://commons.wikimedia.org/wiki/File:Dice_(46436464).jpeg
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Stochastic Gradient Descent

ÅGD computes the gradient on the loss function

fl
ρ

ὔ
Љὼ ȟώ ȟύ

fl

◌
В

Љ ȟ ȟ◌

◌

ÅWhen there are too many training data, the above average is too 
expensive to compute.

ÅWe use only a small subset randomly sampled from the training 
dataset to compute the gradient.
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Summation over 
all training data
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Implementation

1. Shuffle all training data into a random 
permutation.

2. Start from the beginning of the 
shuffled sequence.

3. In every iteration, take the next ὄdata 
points, which form a mini-batch, and 
perform training on the mini-batch.

4. When the sequence is exhausted, go 
back to Step 1. This is one epoch of 
training. 

Random shuffling is necessary for unbiased 
gradient estimates. 

1 to B

B+1 to 2B

Li Boyang, Albert

1st iteration

2nd iteration

batches

Last  iteration, 

ὔ ὄdata points 

The last batch with fewer than ὄdata points 
may be discarded if small batches cause 
problems (e.g., for BatchNorm)
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Pseudo-random Number Generator (PNG)

ÅPseudo-random number generators 
ŀǊŜ ƴƻǘ ǊŜŀƭƭȅ άǊŀƴŘƻƳέΦ

ÅWhat is really random? A philosophical 
discussion that we will not get into. 

ÅIt is a completely deterministic 
function of the random seed. 

ÅAlways generates the same sequence if 
the seed is the same.

ÅA.k.adeterministic random bit generator

ÅHowever, the sequence of numbers 
satisfy certain statistical properties 
that they can be considered random if 
the seed is not known.

ÅDo not change seeds if you want good 
randomness. Use the sequence.  

ÅIf we give the same seed to two 
generators w/ the same algorithm, 
they will create the same sequence.

ÅWe can align multiple processes or 
multiple training sessions. 
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Synchronous Training on Multiple GPUs / Nodes

ÅMultiple processes (total number = M) 

use PNGs sharing the same seed when 

shuffling the dataset. 

ÅBased on its process id, a process uses 

one batch of size B every M batches. 

ÅThe gradients from M processes are 

averaged and the model is updated 

once (synchronization). 

ÅEquivalent to a global batch size of MB

Li Boyang, Albert

1 to B

B+1 to 2B

MB+1 to (M+1)B

Process 1

Process 2
ὓbatches

Process 1

Process 2ὓbatches

ὔ ὓὄdata 

points discarded
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Stochastic Gradient Descent

ÅFrom a probabilistic perspective, ὼ ȟώ is drawn from the data 

distribution ꜠ . ӶὫis the expected value of the gradient. 

ӶὫ Ὁ ȟ ͯ꜠

‬Љὼ ȟώ ȟ◌

‬◌

Ὣ
ρ

ὔ

‬Љὼ ȟώ ȟ◌

‬◌

Ὣ
ρ

ὄ
ᶰꜞ

‬Љὼ ȟώ ȟ◌

‬◌
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Expected gradient

Estimated gradient 
using all available data

Estimated gradient 
using all data from a 
mini-batch ꜞ
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Recall: The variance of the 
mean estimator is 
inversely proportional to 
sample size.



Stochastic Gradient Descent

Ὣ
ρ

ὄ
ᶰꜞ

‬Љὼ ȟώ ȟ◌

‬◌
ӶὫ ‭

ÅThe mini-batch estimate of the gradient contains some random noise. 
Is that bad?
ÅBias is bad. We need to shuffle datasets to get unbiased estimates.

ÅVariance may not be too bad. As long asthe angle between the estimated 
gradient Ὣand true gradient ӶὫis less than 90 degrees, we are still roughly in 
the right direction.

ÅGetting more accurate gradient means a bigger batch, which can be more 
expensive
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Batch Size 
and Learning 
Rate

Li Boyang, Albert

Original Image by SparkFunElectronics
Modified under CC BY 2.0

https://www.flickr.com/photos/sparkfun/16230780251/in/photostream/
https://www.flickr.com/photos/sparkfun/
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Effects of Batch Size
ÅὫ ύ

Љ ȟ ȟ
is the per-sample gradient. 

ÅThe mini-batch update ύ ύ –Ὣ ύ Вᶰꜞ Ὣ ύ

ÅWe can understand this as sequentially movements: Ễ

ÅThe contribution of the Ὥ data point to the model parameter ύis: ϳ–ὄ

ÅWe vary ὄwhile keeping ‌ fixed (linear scaling of –).
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If ὄ ρ
ύ ύ ‌Ὣ ύ
ύ ύ ‌Ὣ ύ
ύ ύ ‌Ὣ ύ

If ὄ σ
ύ ύ ‌Ὣ ύ

‌Ὣ ύ ‌Ὣ ύ
ύȟ ύ ‌Ὣ ύ
ύȟ ύȟ ‌Ὣ ύ

ύ ύȟ ‌Ὣ ύ

With a large ὄ, we use stale gradients computed at an old ύ. 
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Effects of Batch Size
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The directed curves indicate the 

underlying true gradient of the error 

surface. 

(a)Batch training. Several weight change 

vectors and their sum. 

(b)Batch training with weight change 

vectors placed end-to-end. As all 

vectors are computed at ύ , they do 

ƴƻǘ ǊŜŦƭŜŎǘ ǘƘŜ ƭŀƴŘǎŎŀǇŜ όƛΦŜΦΣ άǎǘŀƭŜέ 

gradients). We must use a smaller 

learning rate (sub-linear scaling of –). 

(c) On-line training (ὄ ρ). The local 

gradient influences the direction of 

each weight change vector, allowing it 

to follow curves. 

ύ

Image from: D. Randall Wilsonaand Tony R. Martinezb. The general inefficiency of batch training for gradient descent learning. 2003
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Effects of Batch Size

ÅIn practice, setting ὄ ρoften leads to very effective optimization. 

ÅThe variance does not matter much as long asthe angle between the 
estimated gradient Ὣand true gradient ӶὫis less than 90 degrees.

ÅDrawbacks of online learning (ὄ ρ) 
ÅIt fails to utilize modern GPU hardware, which is massively parallel.

ÅTerrible statistics for BatchNorm

ÅIt is usually desirable to use large batch sizes with the support of 
multiple GPU cards / nodes. 
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Large Batch Training

ÅUnder what conditions are the left side and the right sideequivalent?

Å‌ is kept constant (Assumption 1)

ÅThe loss function is smooth enough, Ὣ ύȟ Ὣ ύ (Assumption 2)

ÅFrom Assumption 1, –and ὄshould increase proportionally (linear scaling).

ÅAssumption 2 usually does not hold at the beginning of the optimization. We must use 

small learning rates at the beginning. 
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If ὄ ρ
ύ ύ ‌Ὣ ύ
ύ ύ ‌Ὣ ύ

ể
ύ ύ ‌Ὣ ύ

If ὄ ὑ
ύȟ ύ ‌Ὣ ύ
ύȟ ύȟ ‌Ὣ ύ

ể
ύ ύȟ ‌Ὣ ύ
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Learning Rate Warm-up

ÅLinear growth of learning rate from 0 

to – in the first few epochs. 

Å– grows proportionally with batch 

size.

ÅProposed in 
ÅGoyal et al. Accurate, Large Minibatch SGD: 

Training ImageNet in 1 Hour. 2017

ÅThis technique allows batch size up to 

8,000 for image recognition
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LR Warm-up

ÅResNet-50

Åkn = batch size

Å–= learning rate

ÅHow to increase 
batch size even 
further?
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LR decreases by factor of 10

Image from: Goyal et al. 

Accurate, Large Minibatch 

SGD: Training ImageNet in 1 

Hour. 2017
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LR Warm-up
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LR decreases by factor of 10

Image from Goyal et al. 

Accurate, Large Minibatch 

SGD: Training ImageNet in 1 

Hour. 2017
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LARS
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Table from: Yang You, Igor Gitman, and Boris Ginsburg. Large batch training of convolutional networks.arXiv1708.03888, 2017

ÅObservation: gradient magnitudes differ at different network locations. 
Thus, optimization happens at different rates. 

ÅNotation: ɳ ὒύ
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Layer-wise Adaptive Rate Scaling (LARS)
Å Proposal: Synchronize the learning speed of different layers and components.

Å First, divide parameters into groups, ἿȟȣȟἿȟȣȟἿ

Å For each group, apply updates with normalized gradients 

ύ ύ –
ᶯ flἿ Ἷ

ᶯ flἿ

Å Effect: 
Ἷ

Ἷ
is a constant –. At every iteration, a fixed portion of Ἷ is updated. This alleviates 

vanishing and exploding gradients. 

Å Scales batch size to 32K for ResNet-50. 
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Yang You, Igor Gitman, and Boris Ginsburg. Large batch training of convolutional networks.arXiv1708.03888, 2017
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Optimal Batch Size in Practice

ÅToo small a batch size 
ÅFails to fully utilize parallel hardware (GPU). 

ÅCreates excessive noise for Batch Normalization, leading to unstable training

ÅToo large a batch size 
ÅCould create problems for optimization. 

ÅGiven enough GPUs, we usually use a large batch + Linear LR Scaling + 
LR warm-up in order to accelerate training
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Implicit 
Regularization of 

SGD
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Original ImageModified under CC0

https://www.hippopx.com/id/vacation-cup-field-grass-sport-ground-ball-33905


Benefits of SGD

ÅCould the noise provide some benefits to machine learning?

ÅEscaping from saddle points, local maxima, and (sometimes) bad local 
minima.

ÅImplicit regularization: finding flat optima
ÅMachine learning is about generalization performance. Optimization is a 

means to an end. 
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Second-order Conditions

Li Boyang, Albert

Hessian is PSD Hessian is NSD Hessian is neither 
PSD nor NSD
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Image credit: Rong Ge (http://www.offconvex.org/2016/03/22/saddlepoints/)



Escaping with Random Noise

ÅThe gradient is exactly zero 
at a local maximum and a 
saddle point. 

ÅA small random error added 
to ◌allows escape from 
those points. 
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Convergence of SGD to Flat Minimum

Li Boyang, Albert

To fall into a sharp minimum, the gradient must be precise. The noise in SGD prevents that.
It is hypothesized that flat minima generalize better.  
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Image credit: Nitish Shirish Keskar, DheevatsaMudigere, Jorge Nocedal, Mikhail Smelyanskiy, and Ping TakPeter Tang. On Large-
Batch Training for Deep Learning: Generalization Gap and Sharp Minima. ICLR 2017.



Effects of Multiple Local Minima

ÅHow can we expect to find 
the global optimum?

ÅAnswer 1: (circa 2000) 
Impossible. Therefore, 
deep learning cannot work.

ÅAnswer 2: Every local 
minimum is as good as the 
global minimum (cf. [1]).
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[1] Micah Goldblum, Jonas Geiping, AviSchwarzschild, Michael Moeller, and Tom Goldstein. 
Truth or Backpropaganda? An Empirical Investigation of Deep Learning Theory. ICLR 2020. 



Dancing through a minefield of bad minima

ÅRed dots: the iterates of SGD after each tenth epoch. 

ÅBlue dots: locations of nearby "bad" minima with poor generalization. They have near perfect train accuracy, but 

with test accuracy below 53% (random chance is 50%). 

ÅThe final iterate of SGD (black star) also achieves perfect train accuracy, but with 98.5% test accuracy. Miraculously, 

SGD always finds its way through a landscape full of bad minima, and lands at a minimizer with excellent 

generalization.
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Image from: W. Ronny Huang, ZeyadEmam, Micah Goldblum, Liam Fowl, Justin K. Terry, FurongHuang, Tom Goldstein. Understanding Generalization 

through Visualizations. 2019

CE/CZ 7454, 2021



Flat vs. Sharp Minima
ÅDecision boundaries of the same network 

with different parameters. Red and blue 
dots represent training data.

ÅThe network on the left generalizes well. 
The network on the right generalizes 
poorly (perfect train accuracy, bad test 
accuracy). 

ÅThe flatness and large volume of the good 
minimizer make it likely to be found by 
SGD, while the sharpness and tiny volume 
of the bad minimizer make it unlikely to 
be found. 
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Images from: W. Ronny Huang, ZeyadEmam, Micah Goldblum, Liam Fowl, Justin K. Terry, FurongHuang, Tom Goldstein. Understanding Generalization 

through Visualizations. 2019



Comparing Volume of Minima

ÅAs the dimension of parameter 

space increases, the ratio between 

good and bad minima rises 

exponentially. 

ÅOn the SVHN data, Huang et al.  

find that bad minima are over 

10,000 orders of magnitude 

smaller than good minima, making 

them nearly impossible to find.
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Image from: W. Ronny Huang, ZeyadEmam, Micah Goldblum, Liam Fowl, Justin K. Terry, FurongHuang, Tom Goldstein. Understanding Generalization 

through Visualizations. 2019


